Abstract. In this paper we deal with those Banach spaces Z which satisfy the Mazur-Ulam property, namely that every surjective isometry ∆ from the unit sphere of Z to the unit sphere of any Banach space Y admits an unique extension to a surjective reallinear isometry from Z to Y . We prove that for every countable set Γ with |Γ| ≥ 2, the Banach space c0 γ∈Γ X γ satisfies the MazurUlam property, whenever the Banach space X γ is strictly convex with dim((X γ ) R ) ≥ 2 for every γ. Moreover we prove that the Banach space C 0 (K, X) satisfies the Mazur-Ulam property whenever K is a totally disconnected locally compact Hausdorff space with |K| ≥ 2, and X is a strictly convex separable Banach space with dim(X R ) ≥ 2. As consequences, we obtain the following results: (1) Every weakly countably determined Banach space can be equivalently renormed so that it satisfies the Mazur-Ulam property. (2) If X is a strictly convex Banach space with dim(X R ) ≥ 2, then C(C, X) satisfies the Mazur-Ulam property, where C denotes the Cantor set.
Introduction
Let X and Y be two Banach spaces over K (R or C) with unit spheres S X and S Y , respectively. Then the clasical Mazur-Ulam theorem states that every surjective isometry ∆ : X → Y is affine. As usual, by a convex body of a normed space X we mean a closed convex subset of X with non-empty interior in X. In 1972, Mankiewicz [25] proved that every surjective isometry between convex bodies in two arbitrary normed spaces can be uniquely extended to an affine function between the spaces. Motivated by this observation, Tingley [42] raised the following extension problem: Problem 1.1. Suppose that ∆ : S X → S Y is a surjective isometry. Is ∆ neccesarily the restriction of a surjective real-linear isometry from X to Y ?
This problem has been addressed in many papers, and has been answered affirmatively for particular choices of X and Y (see [11, 12, 13, 14, 15, 18, 19, 24, 36, 40, 43] ).
Let us say that a Banach space X satisfies the Mazur-Ulam property if, for any Banach space Y , every surjective isometry ∆ : S X → S Y admits an extension to a surjective real-linear isometry from X to Y . The pioneering paper dealing with this property is that of Ding [15] , who proves that the space c 0 (N, R) of all null sequences of real numbers satisfies the Mazur-Ulam property. More examples of Banach spaces satisfying the Mazur-Ulam property are c(Γ, K), c 0 (Γ, K), and ℓ ∞ (Γ, K) for any set Γ (see [24] for K = R and [21, 32] for K = C). More recently, it has been shown that this property is satisfied by unital complex C * -algebras and real von Neumann algebras [29] , by JBW * -triples with rank one or rank bigger than or equal to three [3] , and by the space C(K, H) of all continuous functions from any compact Hausdorff space K to a real or complex Hilbert space H with dim(H R ) ≥ 2 [8] . In [23, Theorem 4 .6], Li shows that, if X 1 and X 2 are strictly convex Banach spaces, then a surjective isometry ∆ from the unit sphere of X 1 ∞ X 2 to the unit sphere of any Banach space Y admits an extension to a surjective real-linear isometry from X 1 ∞ X 2 to Y whenever R∆(S X 1 ) and R∆(S X 2 ) are subspace of Y . Other references dealing with the Mazur-Ulam property are [34, 36, 37, 38] . Anyway, as a matter of fact, Problem 1.1 remains unanswered even if the Banach spaces X and Y are two-dimensional [5, 22, 44] .
The main aim of this paper is to provide the reader with new examples of Banach spaces satisfying the Mazur-Ulam property.
In Section 2, we revisit some previously known results, like [4] , [20] , [26, Corollary 9] , and [31, Theorem 5] , in order to establish the following:
(1) If {X γ } γ∈Γ is a family of strictly convex Banach spaces with dim((X γ ) R ) ≥ 2 and |Γ| ≥ 2 (where | · | means cardinality), then the closed unit ball of ℓ∞ γ∈Γ X γ is the convex hull of its extreme points (Proposition 2.3). (2) If X is a strictly convex Banach space with dim(X R ) ≥ 2, and if K is a totally disconnected locally compact Hausdorff space with |K| ≥ 2, the the closed unit ball of C(K, X) is the convex hull of its extreme points (Proposition 2.8).
Section 3 is devoted to proving our results on the Mazur-Ulam property in c 0 -and ℓ ∞ -sums of families of Banach spaces. We show that, if {X γ } γ∈Γ is any family of strictly convex Banach spaces such that |Γ| ≥ 2, and such that dim((X γ ) R ) ≥ 2 and the norm of X γ is Gâteaux differentiable in a dense subset of its unit sphere for every γ, then both c 0 γ∈Γ X γ and ℓ∞ γ∈Γ X γ satisfy the Mazur-Ulam property (Theorem 3.3). In the particular cases of countable c 0 -sums and finite ℓ ∞ -sums, the hypothesis of Gâteaux differentiability of the norm can be removed. Indeed, we show that for a family {X n } n∈N of strictly convex Banach spaces with dim(X n ) ≥ 2, the Banach spaces X 1 ⊕ ∞ · · · ⊕ ∞ X n (n ≥ 2) and c 0 n∈N X n satisfies the Mazur-Ulam property (Theorem 3.6). As a direct consequence, we obtain that every strictly convex Banach space can be equivalently renormed so that it satisfies the Mazur-Ulam property (Corollary 3.7). For instance, every separable Banach space, every reflexive Banach space, and more generally every weakly Lindelof Banach space (see [1] and [10] ), can be equivalently renormed so that it satisfies the Mazur-Ulam property. A characterization in linear topological terms of the normed spaces which are strictly convex renormable can be found in [28] .
The concluding Section 4 is devoted to studying the Mazur-Ulam property in the Banach space C 0 (K, X) of all continuous functions vanishing at infinity from a locally compact Hausdorff space K to a Banach space X. As the most outstanding result in this setting, we show that, if K is totally disconnected with |K| ≥ 2, if X is strictly convex with dim(X R ) ≥ 2, and if the norm of X is Gâteaux differentiable in a dense subset of its unit sphere, then C 0 (K, X) satisfies the Mazur-Ulam property (Theorem 4.4). In the case that K is actually a metrizable compact space, the hypothesis of Gâteaux differentiability of the norm can be removed. As a consequence, if X is a strictly convex Banach space with dim(X R ) ≥ 2, then C(C, X) satisfies the MazurUlam property, where C denotes the Cantor set (Corollary 4.6).
Notation. Given a Banach space X, B X , S X , and X * shall stand for the closed unit ball, the unit sphere, and the dual of X, respectively. We denote by Ext(B X ) the set of all extreme points of B X .
Given a family {X γ } γ∈Γ of Banach spaces, we set Z 0 := c 0 γ∈Γ X γ and Z ∞ := ℓ∞ γ∈Γ X γ . Given a subset R ⊆ Γ, we denote by P R the canonical projection from γ∈Γ X γ to γ∈R X γ . The symbol Z will stand for any of the spaces Z 0 or Z ∞ .
We recall that a Banach space X is said to be strictly convex if every element of S X is an extreme point of B X .
Given a compact Hausdorff space K, the symbol C(K, X) will stand for the Banach space of all continuous functions from K to X equipped with the sup norm. Given f ∈ C(K) and x ∈ X, we denote by f ⊗x the function in C(K, X) defined by (f ⊗ x)(t) = f (t)x for all t ∈ K. If K is a locally compact Hausdorff space, we denote by C 0 (K, X) the space of continuous X-valued functions on K vanishing at infinity. Recall that f : K → X vanishes at infinity if for every ε > 0 there exists a compact subset
It is clear that X satisfies the Mazur-Ulam property if and only if so does X R . According to this remark, throughout this paper we will assume that all Banach spaces are real.
The strong Mankiewicz property: preliminary results
The result of Mankiewicz in [25] , is one of the main tools applied in those papers devoted to explore new progress to Tingley's problem and to determine new Banach spaces satisfying the Mazur-Ulam property.
In the recent paper [29] Mori and Ozawa, introduce new techniques that are essential for our work. Following this authors, we shall say that a convex subset C of a normed space X satisfies the strong Mankiewicz property if every surjective isometry ∆ from C to an arbitrary convex subset L in a normed space Y is affine. In [29, Theorem 2] it is show that some of the hypothesis in Mankiewicz's theorem can be somehow relaxed. The precise result reads as follows.
Theorem 2.1. [29, Theorem 2] Let X be a Banach space such that the closed convex hull of Ext(B X ) has non-empty interior in X. Then, every convex body K ⊂ X has the strong Mankiewicz property.
Throughout this section we shall work with a family of strictly convex Banach spaces {X γ } γ∈Γ with dim((X γ ) R ) ≥ 2 and |Γ| ≥ 2.
It is known that, if p ∈ Ext(B Z∞ ), then p(γ) Xγ = 1 for all γ ∈ Γ. Since X γ are strictly convex for every γ ∈ Γ, the reciprocal implication is true.
We can now sustain the proof of our next result on the studies developed by Jiménez-Vargas, Mena-Jurado, Navarro-Pascual and Sánchez-Lirola [20] on the possibility of expressing an element in the closed unit ball of a Banach space as a convex combination of extreme points of the closed unit ball. Proposition 2.3. Every element in B Z∞ admits a expression as a mean of two elements in Ext(B Z∞ ).
Proof. Under the hypothesis of our proposition, we deduce from [20, Lemma 7] , that B Z∞ is the convex hull of its extreme points. Pick z ∈ B Z∞ and consider Γ 1 := {γ ∈ Γ : z(γ) Xγ = 1} and Γ 2 := {γ ∈ Γ : z(γ) Xγ < 1}. For γ ∈ Γ and y ∈ B Xγ , since dim(X γ ) ≥ 2, there exists a subspace M γ of X γ of dimension two such that y ∈ M γ . Since X γ is a strictly convex Banach space, we have that M γ is strictly convex and, by [20, Lemma 7] , y admits a expression as a mean of two elements in S Mγ ⊂ S Xγ . This implies that for γ ∈ Γ 2 , there exists z(γ) 1 
Proposition 2.4. Every convex body in Z ∞ satisfies the strong Mankiewicz property.
Proof. From Proposition 2.3, the closed unit ball of Z ∞ is the convex hull of its extreme points and hence the desired conclusion is a consequence of the Mori-Ozawa Theorem 2.1.
For each γ 0 ∈ Γ and each x γ 0 ∈ S Xγ 0 we set
Lemma 2.5. For γ 0 ∈ Γ and x γ 0 ∈ S Xγ 0 , we have that A(γ 0 , x γ 0 ) is a maximal norm-closed proper face of B Z , equivalently, a maximal convex subset of S Z .
Proof. We define z 0 ∈ S Z by z 0 (γ) = 0 if γ = γ 0 and z 0 (γ 0 ) = x γ 0 . Since A(γ 0 , x γ 0 ) is a convex subset of S Z , by Zorn's lemma, there exists a maximal convex subset C of S Z that contains A(γ 0 , x γ 0 ). By [41, Lemma 3.1], there exists z * ∈ S Z * such that C = {z ∈ B Z : z * (z) = 1}. Given z ∈ C we have that z * (z + z 0 ) = 2 = z + z 0 . This implies that z(γ 0 ) + x γ 0 Xγ 0 = 2, and that z(γ 0 ) = x γ 0 , since X γ 0 is a strictly convex Banach space. We concluded that C = A(γ 0 , x γ 0 ). Lemma 2.6. Let Y be a Banach space and let ∆ : S Z → S Y be a surjective isometry. Then for each γ 0 ∈ Γ and each x γ 0 ∈ S Xγ 0 the set 
Given a norm-one element x in a Banach space X, the star of x with respect to S X , St(x), is defined by
It is known that St(x) is precisely the union of all maximal convex subsets of S X containing x. The arguments in the proof of [ 
, and z ∈ S Z with z(γ 0 ) = 0, then ψ∆(z) = 0. Furthermore, |ψ(∆(z))| < 1, for every ψ ∈ supp(γ 0 , x 0 ) and z ∈ S Z with z(γ 0 ) < 1. (7) Let z be in S Z . If ψ∆(z) = 0 for every ψ ∈ supp(γ 0 , x) and x ∈ S Xγ 0 , then z(γ 0 ) = 0. Now, we shall consider spaces of vector-valued continuous functions on a compact Hausdorff space K.
It is known that, if p ∈ Ext(B C(K,X) ), then p(t) = 1 for all t ∈ K (cf. [2, Lemma 1.4]). The reciprocal implication is not true in general, however, if X is a strictly convex Banach space, then we have
Given a compact Hausdorff space K, we denote by dim(K) the covering dimension of K (see [16, page 385] ). We recall that a space K has dim(K) = 0 iff each point of K has a neighborhoods base consisting of open-closed sets ( [45, Definition 29.4] ). We shall simply observe that, if K is a totally disconnected compact Hausdorff space, then dim(K) = 0 (see [45, Theorem 29.7 , page 211]). Proposition 2.8. Let X be a strictly convex Banach space and let K be a compact Hausdorff space satisfying one of the following conditions:
is the convex hull of its extreme points, and hence every convex body in C(K, X) satisfies the strong Mankiewicz property.
Proof. Under any one of the conditions in the statement, we deduce from [31, Theorem 5] , [26, Corollary 9 ] (see also [4] ) that the closed unit ball of C(K, X) is the convex hull of its extreme points and hence the desired conclusion is a consequence of Mori-Ozawa's Theorem 2.1.
In the remaining of this section we shall work with continuous functions defined in a locally compact Hausdorff space K valued on a strictly convex Banach space X.
For each t 0 ∈ K and each x 0 ∈ S X we set
Lemma 2.9. For t 0 ∈ K and x 0 ∈ S X , we have that
Proof. Let U be an open set of K with t 0 ∈ U. Applying Urysohn's lemma we find h ∈ C 0 (K) with 0 ≤ h ≤ 1, h(t 0 ) = 1 and h| K\U = 0.
) and 0 ≤ h ≤ 1, we have that h(t 1 ) = 1. Now, since X is a strictly convex Banach space, we derive that x 0 = g(t 1 ) and we concluded that C = A(t 0 , x 0 ).
The proof of the next result is similar to Lemma 2.6.
Lemma 2.10. Let Y be a Banach space and let ∆ : S C 0 (K,X) → S Y be a surjective isometry. Then for each t 0 ∈ K and each x 0 ∈ S X the set
With the appropriate changes, the proof of the next Lemma is just an adaptation of the proofs of results [7, Lemmas 2.4 and 2.5, and Propositions 2.6 and 3.1], the argument is included here for completeness.
Lemma 2.11. Let Y be a Banach space and let ∆ : S C 0 (K,X) → S Y be a surjective isometry. Put γ 0 ∈ Γ and x γ 0 ∈ S Xγ 0 . Then the following assertions hold:
(1) ψ∆(f ) = −1 for all f ∈ A(t 0 , −x 0 ) and ψ ∈ supp(t 0 , x 0 ).
Proof. Let O be an open set of K with t 0 ∈ O. We find, via Urysohn's lemma, h ∈ C 0 (K) with h(t 0 ) = 1 and h| K\O = 0. Let us take
This implies that ∆ −1 (y)(t 0 ) + x 0 = 2. Now, recalling that X is strictly convex, we have ∆ −1 (y)(t 0 ) = x 0 , and so ∆ −1 (y) ∈ A(t 0 , x 0 ).
. If the family F is ordered by inclusion, the net (t O ) O∈F converges to t 0 . By the continuity of h, it follows h(t 0 ) = x 0 and
We can assume that there exists t 1 = t 0 and ψ ∈ supp(t 0 , x 0 ) ∩ supp(t 1 , x 1 ). By Urysohn's lemma, there is u, v ∈ C 0 (K) with u(t 0 ) = 1 = v(t 1 ) and u(t)v(t) = 0 for all t ∈ K. Define the elements f 1 := u ⊗ x 0 ∈ A(t 0 , x 0 ) and f 2 := v ⊗ x 1 ∈ A(t 1 , x 1 ). By (1), ψ(∆(−f 2 )) = −1, and
(4) Let u ∈ C 0 (K) and x ′ ∈ S X be such that u(t 0 ) = 1 and
We conclude that supp
(5) Let f be in S C 0 (K,X) with f (t 0 ) = 0 and let ψ be in supp(t 0 , x 0 ). Pick 0 < ε < 1 and define the open set O ε := {t ∈ K : f (t) < ε}. By Urysohn's lemma, there exists g ∈ C 0 (K) such that g(t 0 ) = 1 and
Since ε is arbitrary, |ψ(∆(f )) ± 1| ≤ 1. This implies ψ(∆(f )) = 0. Now suppose that f (t 0 ) < 1 and ψ ∈ supp(t 0 , x 0 ). Pick 0 < ε < 1 with f (t 0 ) < 1 − ε and define the closed set
(6) Let f be in S C 0 (K,X) with ψ(∆(f )) = 0 for every ψ ∈ supp(t 0 , x) and let x ∈ S X . Arguing by contradiction, we suppose that f (t 0 ) = 0. If f (t 0 ) = 1, then ψ(∆(f )) = 1 which is a contradiction. Therefore f (t 0 ) < 1. Since K is totally disconnected, we can always find a clopen subset O satisfying that
We define the function h(
We see that have h ∈ S C 0 (K,X) and h(t 0 ) = 1. Therefore,
) and for ψ in supp(t 0 ,
) it follows that
the desired contradiction, hence f (t 0 ) = 0. We recall that an element x ∈ S X is a smooth point of X if there is a unique f ∈ S X * such that f (x) = 1. We denote by Sm(X ) ⊂ S X the set of all smooth point of X and ϕ x ∈ S X * denote the unique functional such that ϕ x (x) = 1 for x ∈ Sm(X ). It is known that x is a smooth point of X if and only if the norm of X is Gâteaux differentiable at x (see [10, Corollary 1.5]). We refer to [10, §I.1] for the basic results on Gâteaux differentiability.
We want to point out that the class of all Banach spaces X sucht that Sm(X ) is norm dense in S X , contains the separable Banach spaces [35, Proposition 9.4.3] , and the Asplund Banach spaces [10, §I.1].
Proposition 3.1. Let {X γ } γ∈Γ be a family of strictly convex Banach spaces such that |Γ| ≥ 2, and such that dim(X γ ) ≥ 2 and the set Sm(X γ ) is norm dense in S Xγ for every γ. Let Y be a Banach space, and let ∆ : S Z → S Y be a surjective isometry such that ∆ : A(γ, x) → ∆(A(γ, x)) is an affine map for each γ ∈ Γ and each x ∈ S Xγ . Then the equality
Proof. Let us fix γ 0 , γ 1 ∈ Γ, with γ 1 = γ 0 , x 0 ∈ Sm(X γ 0 ), ψ ∈ supp(γ 0 , x 0 ), and p ∈ S Z with p(γ 1 ) = 1. We consider the maximal convex subset of S Z ,
where Z γ 1 := P Γ\γ 1 (Z) and p 1 (γ 1 ) = p(γ 1 ) and
is an affine map, the mapping
is an affine map. Under these conditions the mapping ϕ :
is real affine with |ϕ(z)| ≤ 1 for all z ∈ B Zγ 1 , and thus, we can regard ϕ as the restriction of a continuous functional ϕ in the closed unit ball of Z * defined by ϕ(z) = ϕ(P Γ\γ 1 (z)). Since p 1 (γ 0 ) = 0 and ψ ∈ supp(γ 0 , x 0 ), Lemma 2.7 (6) 
We claim that
Let's fix ε > 0 and z ∈ B Z . Since X γ 0 is smooth at x 0 by[10, Theorem I.1.4], there exists 0 < ρ < ε 4 with the following property:
Since Sm(X γ ) is norm dense in S Xγ , for each γ ∈ Γ, the set
is a norming set, and thus, by the Hahn-Banach theorem,
By (4), there exist λ i ∈ (0, 1) with
We denote by N := {i ∈ {1, . . . , n} :
It follows from (3) that
On the other hand, we also have 1 − i∈N λ i < ρ, and hence 1 − ρ < i∈N λ i , and
According to this notation, the inequality
holds. Keeping in mind the above inequalities we compute
We therefore have
The arbitrariness of ε proves that ϕ(z) = ϕ x 0 ⊗ P γ 0 (z), which shows that (2) holds. Consequently
as desired.
Proposition 3.2. Let {X γ } γ∈Γ be a family of strictly convex Banach spaces such that |Γ| ≥ 2, and such that dim(X γ ) ≥ 2 and the set Sm(X γ ) is norm dense in S Xγ for every γ. Let Y be a Banach space, and let ∆ : S Z → S Y be a surjective isometry. Then for each γ ∈ Γ and each x ∈ Sm(X γ ), the equality
holds for every ψ ∈ supp(γ, x) and z ∈ S Z .
Proof. We will first show the result for Z ∞ . Let's take γ ∈ Γ, x ∈ Sm(X γ ), and ψ ∈ supp(γ, x). Since the set
is dense in S Z∞ , to prove the equality
it is enough to verify it for the elements of B. So, we can assume that z ∈ B and hence there exists γ 0 ∈ Γ such that z(γ 0 ) Xγ 0 = 1. We consider z 0 ∈ S Z∞ given by z 0 (γ 0 ) = z(γ 0 ) and z 0 (γ) = 0 for γ = γ 0 , and Z γ 0 := 
holds for every ψ ∈ supp(γ, x). By Proposition 2.3, there exists p, q ∈ Ext(B Z∞ ) such that z = (p(γ 0 ) + q(γ 0 )), it follows that p, q ∈ A(γ 0 , z(γ 0 )). Thus, ∆(z) = (∆(p) + ∆(q)) and for ψ ∈ supp(γ, x) we have
Now we will do the proof of the statement for the space Z 0 . We will begin by showing that given γ 0 ∈ Γ and z ∈ S Z 0 with z(γ 0 ) Xγ 0 = 1,
is an affine map.
By Lemma 2.5, A(γ 0 , z(γ 0 )) is a maximal convex subset of S Z 0 . It follows from [6, Lemma 5.1] that ∆(A(γ 0 , z(γ 0 ))) is a maximal convex subset of Y . We put z 1 , z 2 ∈ A(γ 0 , z(γ 0 )) and α ∈ (0, 1). Let us pick now ε > 0. Then there exists a finite subset Γ 0 ⊂ Γ with |Γ 0 | ≥ 2, such that γ 0 ∈ Γ 0 and z i −z ′ i < ε where z
) and β ∈ (0, 1), we know that βa + (1 − β)b ∈ ∆(A(γ 0 , z(γ 0 ))). We put u, v ∈ A Γ 0 (γ 0 , z(γ 0 )) and w ∈ A(γ 0 , z(γ 0 )) such that ∆(u) = a, ∆(v) = b and ∆(w) = βa + (1 − β)b. For γ ∈ Γ \ Γ 0 and x ∈ S Xγ , by Lemma 2.7 (6), ψ∆(u) = 0 = ψ∆(v) for every ψ ∈ supp(γ, x). This implies that ψ∆(w) = 0 for every ψ ∈ supp(γ, x). In view of the arbitrariness of γ ∈ Γ \ Γ 0 and x ∈ S Xγ , by Lemma 2.7 (7), w(γ) = 0 for γ ∈ Γ \ Γ 0 . We conclude that w ∈ A Γ 0 (γ 0 , z(γ 0 )) and hence ∆(A Γ 0 (γ 0 , z(γ 0 ))) is a convex subset of S Y .
Furthermore, the mapping ∆ z 0 : B c 0
is a surjective isometry. Consequently, by the Proposition 2.4 and Theorem 2.1, we conclude that ∆ z 0 is an affine map. Then ∆ :
is an affine map. This fact, together with the inequalities
By the arbitrariness of ε, we conclude that
is an affine map. Now, the proof shall be concluded by showing that for x 0 ∈ Sm(X γ 0 ) the identity
is true for all ψ ∈ supp(γ 0 , x 0 ) and z ∈ S Z 0 . Given z ∈ S Z 0 , let us fix γ 1 ∈ Γ such that z(γ 1 ) Xγ 1 = 1. Pick ε > 0, and γ 2 ∈ Γ \ {γ 0 } with z(γ 2 ) Xγ 2 < ε, and x γ 2 ∈ S Xγ 2 . We define
holds for every ψ ∈ supp(γ 0 , x 0 ). Recall that ∆| A(γ 1 ,z(γ 1 )) is an affine map, hence ∆(
. We have that
But, in view of the arbitrariness of ε, we conclude that
We can now state the main result of this section.
Theorem 3.3. Let {X γ } γ∈Γ be a family of strictly convex Banach spaces such that |Γ| ≥ 2, and such that dim(X γ ) ≥ 2 and the set Sm(X γ ) is norm dense in S Xγ for every γ. Then Z 0 and Z ∞ satisfy the Mazur-Ulam property.
Proof. Let Y be a Banach space, and let ∆ : S Z → S Y be a surjective isometry. By Proposition 3.2, for each γ ∈ Γ and each x ∈ Sm(X γ ), the identity
holds for all ψ ∈ supp(γ, x) and z ∈ S Z . We recall that the set
is a norming set for Z. Therefore, the set {ψ : γ ∈ Γ, ψ ∈ supp(γ, x), and x ∈ Sm(X γ )} ⊆ B Y * is a norming set for Y . By [17, Lemma 2.1], ∆ can be extended to a real-linear isometry of Z onto Y if, given arbitrary λ > 0 and z,z ∈ S Z , we have that ∆(z) + λ∆(z) ≤ z + λz . Let's see that this last inequality is true. Given λ > 0 and z,z ∈ S Z it follows that ∆(z) + λ∆(z)
Now, let's see that the hypothesis about the Gâteaux differentiability of the norm in Theorem 3.3 can be removed in the particular cases of countable c 0 -sums and finite ℓ ∞ -sums.
Lemma 3.4. Let X 1 , X 2 , and Y be Banach spaces, and let A be a separable subset of X 1 ⊕ ∞ X 2 . Suppose that ∆ :
Proof. Since A 1 := A is a separable subset of X 1 ⊕ ∞ X 2 , there exists a numerable subset {a n : n ∈ N a n ∈ A} dense in A 1 . For each n ∈ N, a n = a 1 n + a 2 n ∈ X 1 ⊕ ∞ X 2 . Now, define the separable closed subspaces (2, 2) . Define the separable closed subspaces
We consider the separable closed subspaces M i := k∈N B (i,k) for i = 1, 2 and N := k∈N N k . To finish the proof, we check that ∆ :
. Now, we suppose that y ∈ S N \ S k∈N N k . We can find a sequence {y n } ⊂ S k∈N N k such that {y n } → y. It is clear that {∆ −1 (y n )} is a Cauchy sequence in
Lemma 3.5. Let {X n } n∈N be a family of Banach spaces and let A be a separable subset of Z 0 . Let Y be a Banach space, and let ∆ : S Z 0 → S Y be a surjective isometry. Then there exist separable subspaces M n ⊂ X n for n ∈ N, and N ⊂ Y such that A ⊂ c 0 n∈N M n and ∆ : S c 0 n∈N Mn → S N is a surjective isometry.
Proof. Since A is a separable subset of c 0 n∈N X n , chose a numerable subset {a k : a k ∈ A k ∈ N} dense in A. Given n ∈ N, P n ({a k : a k ∈ A k ∈ N}) is a separable subset of X n , and hence B n := LinP n ({a k : a k ∈ A k ∈ N}) separable subspace of X n . It is clearl that A ⊂ Proof. Let Y be a Banach space, and let ∆ : S Zn → S Y be a surjective isometry. Let's take z,z ∈ S Zn and λ > 0. We check that
By Lemma 3.4, there exist separable subspaces M i ⊂ X i for every i = 1, · · · , n and N ⊂ Y such that z,z ∈ M 1 ⊕ ∞ · · · ⊕ ∞ M n and ∆ : S M 1 ⊕∞···⊕∞Mn → S N is a surjective isometry. Since X i is a strictly convex Banach space with dim(X i ) ≥ 2, we also have that each M i is a strictly convex Banach space with dim(M i ) ≥ 2 for i = 1, . . . , n. According to Mazur's theorem (see for example [35, Proposition 9.4.3] ), in a separable Banach space the set of all smooth points is dense in its unit sphere. By Theorem 3.3, ∆ admits an extension to a surjective real-linear isometry Φ from M 1 ⊕ ∞ · · · ⊕ ∞ M n to N. For λ > 0 we have
In view of the arbitrariness of z,z ∈ S Zn and λ > 0, by [17, Lemma 2.1], ∆ can be extended to a real linear isometry of Z n to Y .
The proof for c 0 γ∈Γ X γ is similar to the proof given for the case Z n , replacing Lemma 3.4 with Lemma 3.5.
Using the fact that c 0 (Γ) admits a strictly convex norm one can realize that, every Banach space X such that there exists a one-to-one bounded linear operator T : X → c 0 (Γ) is strictly convex renormable. Namely, the equivalent strictly convex norm in X is given by
This fact implies that every weakly compactly generated space (in particular every separable space ) admit a strictly convex renorming (see [10] , [28] and [1] ). Let us note that there are strictly convex renormable Banach spaces that do not admit a one-to-one bounded linear operator into c 0 (Γ) for any Γ (see [9] ). Corollary 3.7. Let X be a strictly convex Banach space. Then X has a equivalent norm with the Mazur-Ulam property.
Proof. The result is clear for finite dimensional Banach spaces since every Hilbert space satisfies the Mazur-Ulam property [3, Proposition 4.5]. So that we can assume that X is a infinite dimensional Banach space. Let M be a finite dimensional subspace of X with dim(M) ≥ 2. Since M is a complemented subspace, there exists a closed subspace N of X such that X = M ⊕ N. Now, if X is strictly convex, then M, N are strictly convex Banach space. We conclude the proof by applying Theorem 3.6 to X with the equivalent norm given by X = M ⊕ ∞ N.
Corollary 3.8. Let X be a Banach space such that X * is strictly convex. Then X has a equivalent norm whose dual norm has the MazurUlam property.
Proof. We can assume that X is an infinite dimensional Banach space (in finite dimension it is clear) such that X * is strictly convex. Put M a finite dimensional subspace of X with dim(M) ≥ 2. We consider the equivalen norm in X given by X = M ⊕ 1 N. Then X * = M * ⊕ ∞ N * . Since M * and N * are closed subspaces of X * , M * and N * are strictely convex Banach spaces. By Theorem 3.6, X * has the Mazur-Ulam property.
We recall that, if X is a weakly compactly generated Banach space, then there exists . 1 and . 2 equivalent norms in X such that (X, . 1 ) and (X, . 2 ) * are strictely convex (see [10, Theorems VI.2.1 and VII.1.6]).
Corollary 3.9. Let X be a weakly compactly generated Banach space. Then there exists . 1 and . 2 equivalent norms in X such that (X, . 1 ) and (X, . 2 ) * satisfy the Mazur-Ulam property.
The Mazur-Ulam property in
Given a Banach space X and a totally disconnected locally compact Hausdorff space K, f ∈ S C 0 (K,X) and O compact open subset of K such that f (t) = 1 for all t ∈ O. We define the intersection face of f relatively to O by
Proposition 4.1. Let X be a strictly convex Banach space such that dim(X) ≥ 2 and the set Sm(X ) is norm dense in S X , let K be a totally disconnected locally compact Hausdorff space with |K| ≥ 2, let Y be a Banach space, and let ∆ : S C 0 (K,X) → S Y be a surjective isometry. Assume that there exists p ∈ S C 0 (K,X) and O compact open subset of K such that p(t) = 1 for all t ∈ O, and that ∆ :
is an affine map. Then the equality
holds for all t 0 ∈ K \ O, x 0 ∈ Sm(X ) and ψ ∈ supp(t 0 , x 0 ).
Proof. Let us fix t 0 ∈ K \ O, x 0 ∈ Sm(X ) and ψ ∈ supp(t 0 , x 0 ). Since every compact subset of a Hausdorff space is closed, we have that O 1 = K \ O and O 2 = O are clopen subset of K. It is clear that t 0 ∈ O 1 and p(t) = 1 for all t ∈ O 2 . We set p j = χ O j p for all j = 1, 2. Let us consider the intersection face (F (p, O) ) is an affine map, it follows that the mapping ∆ p 2 : X) is an affine map. Under these conditions the mapping ϕ :
, is real affine with |ϕ(g)| ≤ 1 for all g ∈ B C 0 (O 1 ,X) , and thus we can regard ϕ as the restriction of a continuous functional ϕ in the closed unit ball of C 0 (K, X) * defined by ϕ(g) = ϕ(g| O 1 ). Since p 2 (t 0 ) = 0 and ψ ∈ supp(t 0 , x 0 ) it follows from Lemma 2.11 (5) that ψ∆(p 2 ) = 0, and hence ϕ(g) = ψ∆(g| O 1 + p 2 ) for all g ∈ C 0 (K, X).
We set f 0 = x 0 ⊗ χ O 1 and f 1 = p(t 0 ) ⊗ χ O 1 . Since f 0 + p 2 ∈ A(t 0 , x 0 ) and ψ ∈ supp(t 0 , x 0 ), we get ϕ(f 0 ) = ψ∆(f 0 +p 2 ) = 1, and consequently
The proof of the proposition will follow if we prove that
For this purpose, we shall show that
for every g ∈ C 0 (K, X). Let us fix ε > 0 and g ∈ C 0 (K, X). Since x 0 ∈ Sm(X ), by [10, Theorem I. with the following property :
Since the set Sm(X ) is norm dense in S X , the set
* is a norming set, and thus, by the Hahn-Banach theorem,
Let O 3 denote the open set {t ∈ O 1 : g(t) − g(t 0 ) < ρ}. By Urysohn's lemma, there exists h 0 ∈ C 0 (K) such that 0 ≤ h 0 ≤ 1, h 0 (t 0 ) = 1 and h 0 | K\O 3 = 0. We set f 0 = x 0 ⊗ h 0 . By (9) , there exist λ 1 , . . . , λ n ∈]0, 1[, t 1 , . . . , t n ∈ K and x 1 , . . . , x n ∈ Sm(X ) such that
Since f 0 ∈ A(t 0 , x 0 ), it follows from the definitions that
Now we follow almost verbatim the argument in the proof of the Proposition 3.1, which shows that (7) is holds and finish the proof.
Proposition 4.2. Let X be a strictly convex Banach space such that dim(X) ≥ 2, let K be a totally disconnected locally compact Hausdorff space with |K| ≥ 2, let Y be a Banach space, and let ∆ :
is an affine map for all p ∈ S C 0 (K,X) and O compact open subset such that p(t) = 1 for all t ∈ O.
Proof. Let us fix p ∈ S C 0 (K,X) and O compact open subset such that p(t) = 1 for all t ∈ O. Let us consider
Keeping in mind that F (p, O) = t∈O A(t, p(t)) is a intersection face, we deduce from [29, Lemma 8] that ∆ (F (p, O) ) is an intersection face, and hence a non-empty convex subset of
is a compact subset of K for i = 1, 2. It is known that a totally disconnected locally compact Hausdorff space has a basis of its topology consisting of compact open sets. Therefore, since X) and K 1 is a totally disconnected compact Hausdorff space. We define
It follows that z
For t ∈ K \ K 1 and x ∈ S X , by Lemma 2.11 (5), ψ∆(u) = 0 = ψ∆(v) for every ψ ∈ supp(t, x). This implies that ψ∆(w) = 0 for every ψ ∈ supp(t, x). By the arbitrariness of t ∈ K \ K 1 and x ∈ S X , by Lemma 2.11 (6) , w(t) = 0 for t ∈ K \ K 1 . We conclude that w ∈ F K 1 (p, O) and hence ∆ (F K 1 (p, O) ) is a convex subset of S Y . Furthermore, the mapping ∆ χ O p :
is a surjective isometry. Consequently, by the Proposition 2.4 (K 1 \ O is totally disconnected compact Hausdorff space) and Theorem 2.1, we concluded that ∆ χ O p is an affine map. Then ∆ :
By the arbitrariness of ε, we concluded that
is an affine map. Proposition 4.3. Let X be a strictly convex Banach space such that dim(X) ≥ 2 and such that the set Sm(X ) is norm dense in S X , and let K be a totally disconnected compact Hausdorff space with |K| ≥ 2. Then C(K, X) satisfies the Mazur-Ulam property.
Proof. We recall that the subset {ϕ x ⊗ δ t : t ∈ K, x ∈ Sm(X )} of C(K, X) * is a norming set. Now, keeping in mind the proof of Theorem 3.3, the proof shall be concluded by showing that the equality
holds for all ψ ∈ supp(t, x), t ∈ K, x ∈ Sm(X ), and g ∈ S C(K,X) . Let ε > 0, and take g ∈ S C(K,X) . There exists t 0 ∈ K such that g(t 0 ) = 1. Since K is a totally disconnected compact Hausdorff space, there exists a clopen subset O 1 of K such that
for all t ∈ O 1 and since g(t 0 ) is a extreme point of B X , g(t 0 ) = p i (t) for all t ∈ O 1 and i ∈ {1, . . . , n}. For each i ∈ {1, . . . , n}, we denote p
We recall that
is an intersection face, and hence ∆(F (h)) is a non-empty convex subset of S Y [29, Lemma 8] .
Furthermore, the mapping ∆ h : X) is a surjective isometry. Consequently, by Proposition 2.8 and Theorem 2.1, we concluded that ∆ h is an affine map. Then ∆| F (h) is an affine map. Therefore
)(t) = 1 for all t ∈ K and i ∈ {1, . . . , n}, and hence, by Proposition 4.1, for every ψ ∈ supp(t, x), t ∈ K and x ∈ Sm(X ), we have
Since ε is arbitrary, the equality
holds for all ψ ∈ supp(t, x), t ∈ K, x ∈ Sm(X ), and g ∈ S C(K,X) .
Theorem 4.4. Let X be a strictly convex Banach space such that dim(X) ≥ 2 and such that the set Sm(X ) is norm dense in S X , and let K be a totally disconnected locally compact Hausdorff space with |K| ≥ 2. Then C 0 (K, X) satisfies the Mazur-Ulam property.
Proof. We can assume that K is not a compact space, otherwise we can apply Proposition 4.5. Let Y be a Banach space, and let ∆ : S C 0 (K,X) → S Y be a surjective isometry. We recall that the subset {ϕ x ⊗ δ t : t ∈ K, x ∈ Sm(X )} of C 0 (K, X) * is a norming set. Now, keeping in mind the proof of Theorem 3.3, the proof shall be concluded by showing that the equality
holds for all ψ ∈ supp(t, x), t ∈ K, x ∈ Sm(X ), and g ∈ S C 0 (K,X) . Let 0 < ε < 1 3 , and take g ∈ S C 0 (K,X) . There exists t 0 ∈ K such that g(t 0 ) = 1. Since K is a totally disconnected locally compact Hausdorff space, there exists a compact open subset O 1 of K such that
and define h :
We have that h−g < ε and that h ∈ S C 0 (K,X)
since O 1 is clopen. We consider the intersection face of h relatively to
is an affine map. Furthermore, h ∈ S C 0 (K,X) and K is not a compact space, hence there exists t 1 ∈ K such that h(t 1 ) < ε. Take a compact open subset O 3 of K such that h(t) < ε for all t ∈ O 3 . Put x 3 ∈ S X and defining the functions
Since, for i = 1, 2, we have that p i (t) = 1 for every t ∈ O 1 ∪ O 3 , and O 1 and O 3 are compact open sets, it follow from Proposition 4.1 that
holds for all ψ ∈ supp(t, x), t ∈ K, and x ∈ Sm(X ). Recall that ∆| F (h,O 1 ) is an affine map and p 1 , p 2 ∈ F (h, O 1 ), and hence
Recall that g − h < ε, hence |ψ • ∆(h) − ψ • ∆(g)| < ε and |ϕ x ⊗ δ t (h) − ϕ x ⊗ δ t (g)| < ε.
We conclude that |ψ • ∆(h) − ϕ x ⊗ δ t (h)| < 4ε. In view of the arbitrariness of ε, we conclude that ψ • ∆(g) = ϕ x 0 ⊗ P γ 0 (g) for all ψ ∈ supp(t, x), t ∈ K, and x ∈ Sm(X ).
We conclude this paper by obtaining a refinement of the previous theorem for a wide range of locally compact Hausdorff spaces. Proposition 4.5. Let X be a strictly convex Banach space such that dim(X) ≥ 2, and let K be a totally disconnected locally compact Hausdorff space such that |K| ≥ 2 and such that C 0 (K) is separable. Then C 0 (K, X) satisfies the Mazur-Ulam property.
Proof. Let Y be a Banach space, and let ∆ : S C 0 (K,X) → S Y be a surjective isometry. Let A be a separable subset of S C 0 (K,X) . First, we check that there exists a separable closed subspace M of X such that A ⊂ S C 0 (K,M ) ⊂ S C 0 (K,X) .
Fix a countable subset {a k : k ∈ N a k ∈ A} which is dense in A. Fix k, n ∈ N. There exists a ′ k ∈ C 0 (K, X) such that a k − a }.
For t ∈ K 1 , there exists a clopen subset O t of K 1 such that t ∈ O t ⊂ V t . It is clear that K 1 = ∪ t∈K 1 O t , and since K 1 is compact, there exists a finite subset C (n,k) of K 1 such that K 1 = ∪ t∈C (n,k) O t . We can assume that O t ∩O t ′ = ∅ whenever t = t ′ and t, t ′ ∈ C (n,k) . Given t ∈ C (n,k) put x (t,k) := a ′ k (t) ∈ X. We define the function h (n,k) := t∈C (n,k) χ Ot x (t,k) . For s ∈ K 1 , there exists t ∈ C (n,k) such that s ∈ O t , hence
. This implies that a k − h (n,k) ≤ 2 n . Now, we consider the separable closed subspace of X M 0 = Lin{x (t,k) : t ∈ C (n,k) k, n ∈ N}. Since C 0 (K, M 0 ) is a closed separable subspace of C 0 (K, X), and h (n,k) ∈ C 0 (K, M 0 ) for all n, k ∈ N, it follows that A ⊂ S C 0 (K,M 0 ) . Now we follow almost verbatim the argument in the proof of Lemma 3.4 to derive the existence of separable closed subspaces M ⊂ X and N ⊂ Y such that A ⊂ S C 0 (K,M ) and ∆ : S C 0 (K,M ) → S N is a surjective isometry. Since X is a strictly convex Banach space, we have that M is a strictly convex Banach space and, by Mazur's theorem [35, Proposition 9.4.3] ), the set of all smooth points of M is dense in S M .
Let's take z,z ∈ S C 0 (K,X) and λ > 0. By the previous paragraph, there exist separable closed subspaces M ⊂ X and N ⊂ Y such that z,z ⊂ S C 0 (K,M ) and ∆ : S C 0 (K,M ) → S N is a surjective isometry. By Proposition 4.3, ∆ admits an extension to a surjective real-linear isometry Φ from C 0 (K, M) to N. It follows that ∆(z) + λ∆(z) = Φ(z + λz) = z + λz , and hence by [17, Lemma 2.1], ∆ can be extended to a real-linear isometry of C 0 (K, X) onto Y .
It is known that C(K) is separable for every compact metric space K. A 1910 theorem of Brouwer characterizes the Cantor set as the unique totally disconnected, compact metric space without isolated points.
Corollary 4.6. Let X be a strictly convex Banach space such that dim(X) ≥ 2, and let C be the Cantor set. Then C(C, X) satisfies the Mazur-Ulam property.
